Divisovs on Curves (Hav TLC ) —? Read TG fov basics of cuvves

we Wwon't prove oy thi™y i this sechion Sinw 1+ T
mostly e Samne ag in e classical setting | bt youv
howaewovk i3 o read twig  sechion o€ Havtshovne LaVLFul(tj.

Def: b k he q\gpbrm‘ca(hj losed A wrve over k1§ o
imkjva( epavated schmne X oA fink {-'j}”““ over R of
dimensionn o, £ all twe local g Cx,x are requlav

v X i % Vum%l'l/\ﬁu(qr_ [+ X (% Pvo p-w /k it's

Lo p lede . ( R call projective = complete. For no hsfv\Julqy curvey, C‘:holdg)

£ F:X—=Y is a movphiomm o cures wl X complate, N
-}(X) muyt he (losed amd irvdducibl.

hnus-kkr,,,b
So FCXY s eitvier ¥ ov & po\'vul-. P

)(—ﬁ\/

£ FX) =Y, Y st also be \J’ q“‘*ao/

w\m\o(.d-c ommd e (s dow inant
(e e ‘.""“’“j‘ containg e g (om’vr(')J we  get o

induced nelusgion

K(Y) € K(x),

which 1o a finile a(ggbml’c extonsion. lw twig Cese,
FrX =Y i fuike, and we define Twe degree o F b be
\"VR dq_ﬂ\/‘{.e_ o Tha feld extension.



A privwve divisor m a Cuvve g dus{- o closed PO,’M—, o o
avbl"hfarﬂ divigoy (¢ ot Twe Lovwm
D = Z-l"o' P.’ .

KCl.l.spaf

pPovvig
Defi v d{jb‘f 2 i

(€ F:X =Y is a Ank movphifm of hWS\'vLju(qv e s

Ao v JC*: DivY = DivX &g tollows:

For QeVN a cowd pornt, lebt t€O0q he & umif pavamten
e v ()=l whare v KOY) = T 16 e valuahon cow

o Q) Set
§*Q =2 'V-P(t).p)

P—Q

which & a fintk s sihe £ is finibe. 7 (j) - Cj) fov
g¢ K C\” (cluc,lc[,)) %0 4* presevves  lincar @luiva(wce) ond
Muws thduwces &5 CILY = CX

Com show @ iF Q€Y o cloted point, Twen dﬂjl*Q: d%\f
Tanes, for amy divior DEUY,  dogd'D= degD-deyd.

We showed That principal divissrs on P’ all haue dgjvu

0. Twig s Prue Hv oy wa&’v:ju(av cuvue .



Clatm: (& X s o complak VLdv\Sfl/jLA(,av uvve :F&K(X}*)M

_:ﬁ (#) =0.

PE 18 fek, Tm £ i a umit in every DVR in K(X), s
(£ =0, so assume $¢ k. Mun sine ks algcbraically
Uosed, kK(£)2 K(P') € K(X), which determines a
movphiam Y1 X — p! =

Note that in k(2 = K (IP'), m( Tmat Twae!s
C'x\ _ iog _ ia\a} a (- o :

hovno —
{ dovvinant VV\DVPI’“ g
Valuaf; ' maps betwn ‘
T ot (7 (KE) 2R
1% one o PVD. . o
o UL({lVV¢-$
Vi c‘i—cC
¥
Trws,  (#) = 47 ($03-{9Y) | -
dag (#) =0

Taws, we howe o degree oo Movphign, ow e class group
e
oh.j Cl X ——>>/Z}

whiceh (¢ well-defured and S‘ul/ée,d'\'\/e_’ St eq. Pr—l.
N l .
HOWe\/Ly) Twis Mmap 6 Om l'%'oVVtol/pl/ll"sw\ &< )( = H) '

(&) we'lve allfeadlta (hown fov oy Lph



=): g P+Q in X and P’VQ’ M. P-Q@ =C:F) for Stvue
£ e KCX): whith T tmduws 6. ¥ — [P as above. So

L(*(Eo'g_éw-}ﬂ = P_Q, $o LF*($.°5>=’P) %0 U{ must+ have
degree | Thus, KOV=K(PY), %o { is aw isomovphiom,

For move details about divisovs on cuvvey, sce  Har IU



